The space-time method is applied to a model system-the Simple Harmonic Oscillator in a laser [physics.comp-ph]
I. INTRODUCTION
In the past years, many numerical methods have been developed to solve the Timedependent Schrödinger Equations (TDSE) [5] . Weatherford et al introduced a FiniteElement Space-Time Algorithm and applied it to a system which is the procession of a single electron spin in constant magnetic field [2] . Later, Gebremedhin and Weatherford et al used the algorithm to evaluate the exponential of a matrix, they claimed that the algorithm can be treated as a black box since it is not matrix dependent [4] .
The Finite-Element Space-Time Algorithm has not been used to solve a real timedependent system ever since it was introduced by Weatherford [2] . In their work, an explicit description of the how to use a space-time basis set is given, but the Hamiltonian of the model system is time-independent. The problem solved in their work is a two-state problem. In the present work, the model system is a simple harmonic oscillator in laser field, thus the Hamiltonian is time-dependent and the system considered can have multiple states.
Calculation results are shown for systems with two states, three states and more states.
We also calculated population transfer of adiabatic passage for two-level systems and stimulated Raman adiabatic passage (STIRAP) for three-level systems. The model system used in this work is a one dimensional simple harmonic oscillator with an external laser field applied to it. Our goal is to verify and obtain some variable requirements for full population transfer with resonant exitation. Our computing process will provide a way for choosing the amplitudes and pulse length of pump pulse and stokes pulse in STIRAP process for other systems. We use time-basis projection method to solve the time-dependent Schrodinger equation. We present our results for different external laser fields. The results for Gaussian pulses laser field may provide a way for experiments.
This work is arranged in five sections. The Finite-Element Space-Time Algorithm with time-dependent Hamiltonian are introduced in section II. In section III, the algorithm is applied to the simple harmonics oscillator model system. In section IV, calculations are done to show that the algorithm works well for the model system. The effects of parameter value change are also presented. Section V is conclusions and analysis.
II. FINITE-ELEMENT SPACE-TIME ALGORITHM WITH TIME-DEPENDENT

HAMILTONIAN
For a time-dependent quantum system, the Schrödinger Equation (TDSE) is given by
The Hamiltonian H is,
Here H 0 ( x) is the Hamiltonian of the system without external field, and V ( x, t) is the interaction of the system with external field. If there is no external field is applied,
here E n is the eigenvalue of eigenstate n, and Φ n ( x) , n = 0, 1, 2 . . . are the correspond orthonormal eigenvectors.
Here we use |Φ ( x) for states in space domain, |C (t)] for states in time domain, and In order to solve the TDSE, we break the time axis into finite elements and calculate the solution on each time segment. Without losing generality, the time nodes can be labeled as t j , j = 0, 1, 2, 3. For simplicity, time intervals are chosen to be same length, t e+1 − t e = ∆t, t e (e = 0, 1, 2 . . . ) is time node. On each time interval, [t e , t e+1 , define local time τ ∈ [−1, 1],
where 
Substitute Eq. (9) into Eq. (8) we obtain,
Project the above equation onto Φ n ( x) |,
Here, Simple Harmonic Oscillator Initial state n=0;
The wave functions must be continuous at time node t e , consider Eq. (4), the decomposition coefficients must statisfy,
The coefficients in Eq. (8) can be expressed as
where |f 
The local function f |f (e)
In the present work, the time basis S µ (τ ) is defined from Chebyshev Polynomials [6] ,
where T µ (τ ) is the first kind Chebyshev Polynomial. Now Eq. (14) can be rewrite as,
µn + |C Here
After projecting Eq.
Here ω (τ ) is Chebyshev weight function,
and
The Finite-Element Space-Time algorithm is implemented in the following steps:
1. Choose the number of space bases, N , and the number of time bases, N µ .
2. Choose time step δt. Start calculating from e = 0, t e = t 0 = 0.
3. At the e th step
• calculate t e+1 = t e + δt, and B, C by using Eq. (6).
• for µ , µ = 0, 1, 2 . . . N µ−1 , calculate elements in Eq. (20) by using Eq. (22) to Eq. (25).
• solve simultaneous equation Eq. (20) to obtain B (e)
µn .
• calculate |C n (t e+1 )] and Ψ (t e+1 ).
4. Repeat (3) until time t.
III. MODEL SYSTEM AND ADIABATIC PASSAGE A. Model System
The Model System used in the presented work is a simple harmonic oscillator with an external laser field applied on the oscillator. The Hamiltonian of a free harmonic oscillator is,
Here H 0 is the Hamiltonian for simple harmonic oscillator without external field, 
The eigenvalues of H are
here n is the principle number and n = 0, 1, 2 · · · .
The V in Eq. (26) is the dipole interaction and can be expressed as
External laser field can be expressed as,
for single pulse (used in two-level adiabatic passage) and for two-pulse (used in STIRAP). Here ω is excitation frequency and ε is pulse contour.
In the case for coherent control of a Simple Harmonic Oscillator interaction with laser,
For simplicity, we choose ϕ p = ϕ s = 0.
B. Two-Level Adiabatic Passage for Simple Harmonic Oscillator
We first considered the adiabatic passage for one-dimension simple harmonic oscillator with Hamiltonian H 0 having only two eigenstates, ψ a and ψ b . For simplicity, we take ψ a = ψ 0 and ψ b = ψ 1 . From [1] , if ω 0 is defined as ω 0 = E b −Ea , the detuning is defined as ∆ = ω − ω 0 .
The Rabi frequency is
In resonant excitation process, ∆ = 0, then the Rabi frequency is 
Ω =
µε .
For one-dimension simple harmonic oscillator,
Then Ω can be written as,
In the above equation, From the pulse area theorem in section 15.1 in [1] , Eq. (15.17), for resonant excitation, if the pulse duration and Rabi frequency satisfy the following relation,
the population is fully transferred to the upper state at time t. That means if the pulse length is T , and population is expected to be fully transferred to the upper state, the amplitude factor A 0 and ε 0 should be,
C. Three-level Stimulated Raman Adiabatic Passage (STIRAP) for Simple Harmonic Oscillator
The STIRAP procession involves at least three states. We here consider the case with only three energy eigenstates, the ground state |0 , the first excited state |1 and the second excited state |2 . For a simple harmonic oscillator, the STIRAP procession is ladder type.
The population transfers from |0 to |1 and then to |2 , where |1 is intermediate state.
The two pulses are in counterintuitive order. For coherent control, the pump pulse should be close to the resonant of |0 ↔ |1 transition and the Stokes pulse should be close to the resonant of |1 ↔ |2 transition. Thus we set ∆ p = ∆ s = ∆ = 0 and have,
Here µ s and µ p are
We write the contour of two laser pulses as
Thus we obtain we assume
Then Ω s , Ω p can be written as
Thus Rabi frequency Ω is
Since Rabi frequency Ω is related to the final state and the initial state, we assume for complete population transfer, the pulse area theorem still holds, thus,
So that, if at time t = T , the population is fully transferred to the second excited state, A 0 should be
Once s(t) and p(t) are chosen, A 0 can be calculated according to Eq. (55), then ε s0 and ε p0 can be obtained through
IV. CALCULATION RESULTS
In our calculation, we used the same k and m values as that used by Lauvergnat et al, [7] , in section V entitled "Forced harmonic Oscillator" under eq. 5.2.
The oscillator frequency is ω = chose pulse duration to be to be 1000 ∼ 8000 times of the laser period. This ratio is close to that used by Sarkar et al [8] .
A. Verification of the Finite-Element Space-Time Algorithm
To verify our algorithm, we use a laser pulse f (t) with periodic frequency β. We vary β in a range to analyze the relations of the parameters. The external laser is 
Our calculation result shows that the norm of the wave function is close to 1 with the error less than 10 −10 .
If the amplitude of external field is fixed, in order to obtain the accuracy, with the error of norm less than 10 −10 , the number of time bases is related to the time step ∆T , shown in Fig. (1) .
The relation of the required number of time bases and β∆T is shown in Fig. (2) . The maximum value shown in the figure is from our calculation. Due to the random chosen of pulse delay ∆τ and pulse width σ, the value of maximum population 0.88889175 and the corresponding pulse delay ∆τ = 0.9 × 10 6 , the pulse width 1.4 × 10 6 may not be correct and accurate.
B. Two Level Adiabatic Passage
In a Simple Harmonic Oscillator system with only ground state and the first excited state, if the external laser has only one pulse, the population is fully transfered to the excited state, see Fig. (3) .
C. Stimulated Raman Adiabatic Passage
We calculate the STIRAP process for a simple harmonic oscillator system with ground state and the first two excited states. We set s (t) and p (t) to be 0.0 5.0×10 1.0×10
Initial state n=0; Here
Thus,
These results are shown in Fig. (4) for external laser pulse, We also set s (t) and p (t) to be 0.0 5.0×10 1.0×10 -6 Ω(t)
Initial state n=0; 
and calculated the population transfers.
In this case, Ω s (t) and Ω p (t) are
The results are shown in Fig. (7) for external laser pulse, Fig. (8) for Rabi frequency, and For the two sets of s (t) and p (t) we used, the calculation results shown the population transfer to the second excited state are more than 88%. 
e −(t−τp) 2 /(2σ 2 ) .
D. Stimulated Raman Adiabatic Passage with Gauss-Shape Laser Field
Now we consider a simple harmonic oscillator system with ground state and the first two excited states in a Gauss pulse laser field. For simplicity, the pump pulse width (the variance) and the Stokes pulse width are set to be the same (σ); the peak point of the Stokes pulse (τ s ) and the peak point of the pump pulse (τ p ) are set to be symmetric about the mid-point of the whole external field length. The pulse delay is ∆τ = τ p − τ s . Thus, the pulse shape functions s (t) and p (t) can be written as,
Then the Rabi requencies for the Stokes and pump pulses are,
We calculate the STIRAP process with different pulse variances and different time delays.
In our calculation, the pulse delay ∆τ varies from 0.7 × 10 6 to 1.6 × 10 6 . For small pulse delays, ∆τ = 0.7 ∼ 1.0 × 10 6 , the pulse width varies from 1.0 × 10 6 to more than 3.0 × 10 6 , while for large pulse delays, ∆τ = 1.1 ∼ 1.6 × 10 6 , the pulse width varies from 1.55 × 10 6 to more than 3.0 × 10 6 . Fig. ( 10 shows the target state population vs. pulse variance curves for different pulse delays. From the plot, we can see that the population transfer to the target state is related to the pulse variance σ and pulse delay ∆τ . From the plot, it can be seen that for the same pulse delay, the population in the target state increases as the variance increases and then goes down slowly after it reaches a maximum value. The maximum value of the population in the target state for each time delay is larger than 0.88 although the maximum points for different pulse delays are with different pulse widths (variance). While the pulse delay ∆τ increase from 0.7 × 10 6 to 1.6 × 10 6 , the pulse widths ( the pulse variance, σ) which leads to the maximum population transfer to the target state moves from 1.55×10 6 to 2.25 × 10 6 . 14) show the plots for the external laser field, the Rabi frequency, and population transfer. In these plots, the pulse delay is ∆τ = 0.9 × 10 6 and the pulse width is σ = 1.4 × 10 6 , which are the maximum values from our calculation.
V. CONCLUSION AND ANALYSIS
For a simple harmonic oscillator, the energy differences E 2 − E 1 = E 1 − E 0 . When coherent STIRAP happens, the pump pulse frequency ω p = E 1 −E 0 and the Stokes pulse frequency ω s = E 2 −E 1 have same value ω 0 . Thus, the stimulated population transfer from energy state |1 to |0 happens when the pump pulse exists. This leads to the result that the population is not fully transferred to the second excited state.
When Gauss pulses are used as the external laser field, the population transfer in a STIRAP process of a three level simple harmonic oscillator system can be obtained as much as 0.88889175.
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VII. APPENDIX CHEBYSHEV POLYNOMIAL
The Chebyshev Polynomials are defined [9] as.
T n (τ ) = cos nθ,
where τ = cos θ.
The Chebyshev Polynomials are orthogonal over the interval [−1, 1],
The N roots of the N th Chebyshev polynomial T N (x): T n (τ ) T m (τ ) = δ nm (1 + δ n0 ) .
A function f (τ ) can be expanded by the Chebyshev polynomial as
At the root points τ k ,
The above equation multiplied by T m (τ k ) and take summation,
Thus F m can be obtained,
So f (τ ) can be expressed as,
Take integration,
Then any time integral can be obtained from
Where
and S n (τ ) is,
